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Abstract: We propose that a tiny violation of Lorentz and CPT symmetry can lead to
very interesting physical phenomena in the neutrino sector. For example, it is already
known that Lorentz and CPT violation can give rise to oscillations of even massless neu-
trinos. In this paper, we carry this investigation further quantitatively and taking a simple
model derive bounds on such symmetry violating parameters from the known experimental
results on neutrino oscillation. We argue that a violation of Lorentz and CPT invariance
can also give a way of calculating the neutrino asymmetry in the universe.
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1. Introduction
Recently there has been an increased interest in the possibility that Lorentz and CPT
symmetry may be violated at very high energies. For example, recent developments in
quantum gravity suggest that Lorentz invariance may not be an exact symmetry at high
energies [1] and CPT invariance has also been questioned within such contexts [2]. Spon-
taneous violation of CPT and Lorentz symmetry can arise in string theories [3] and the
violation of Lorentz invariance in non-commutative field theories is well known [4]. On the
experimental side, the UHE (ultra high energy) cosmic ray events seen at AGASA [5] and
recently confirmed by AUGER [6] further support the possibility that Lorentz and CPT
invariance may be violated at such energies. Of course, there already exist very stringent
bounds on Lorentz and CPT violation from laboratory experiments in the Kaon and the
lepton sectors and any violation of these symmetries has to be compatible with these limits.
Nonetheless, it is possible that even a tiny violation of CPT and Lorentz invariance can
lead to interesting mechanisms for physical phenomena. In a recent paper, for example,
we have shown [7] how such a violation can lead to baryogenesis in thermal equilibrium
(evading one of the criteria of Sakharov). In this short paper, we explore the consequences
of Lorentz and CPT violation in the neutrino sector. We would like to emphasize that
several papers have already dealt with the effects of Lorentz [8] and CPT violation in the
neutrino sector, particularly in connection with a qualitative discussion of neutrino oscil-
lation in this scenario [9] (in another related context see [10]). In this paper, we carry out
a quantitative study of such phenomena within the context of a simple model and derive
bounds on such symmetry violating parameters from the existing experimental results on
neutrino oscillation. Furthermore, we suggest that in such a theory, one can even calculate
the neutrino excess in the universe and can obtain bounds on some of the parameters from
such data.
Neutrino oscillation is an interesting phenomenon proposed about fifty years ago by
Pontecorvo which is used to explain the deficit of solar and atmospheric neutrinos in fluxes
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measured on earth [11, 12, 13] (for other recents analysis see [14]). This mechanism which
is responsible for the resolution of these puzzles is closely related to the K0-K¯0 oscillation
[15]. In its simplest form, the probability for oscillation between two species of particles










∆Eij = Ei − Ej . (1.2)
If the oscillation is between two neutrino species νi, νj with small masses mi,mj re-
spectively, then in the conventional scenario one expands (this assumes Lorentz invariance
and c = 1)
Ei =
√







so that we have







where we have assumed that for neutrinos of small mass, Ei ≈ Ej = E. In this case, the
probability for oscillation between the two neutrino species in traversing a path length L















where ∆m2ij = m
2
i −m2j is taken in (eV)2, the neutrino energy E in MeV and the length of
path traversed in ‘m’ (meters) (In the last line of the above formula, we have restored all
the nontrivial constants as well as traded the time interval for the path length assuming
that the neutrino travels almost at the speed of light.)
It follows from eq.(1.5) that neutrino oscillation does not take place in free space if
neutrinos are massless or (when massive) are degenerate in mass. With three families of
neutrinos, there can only be two independent combinations of squared mass diferences, say
∆m212,∆m
2
23 which are sufficient to find a solution for the solar neutrino as well as the
atmospheric neutrino puzzles. Within the standard model, this can be achieved with the
bounds [16]
∆m212 ≤ 10−4eV2, 10−3eV2 ≤ ∆m223 ≤ 10−2eV2. (1.6)




23 is determined. There is no further
freedom within a model with three families of neutrinos.
Several experiments by now have looked for neutrino oscillations. One such experiment,
namely, the LSND (Liquid Scintillator Neutrino Detector at Los Alamos) [17] has used
muon sources from the decay π+ → µ++νµ. The experiment looks for neutrino oscillation
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in the subsequent decay of the muon through µ+ → e+ + νe + ν¯µ. After a path length
of L = 30m, the experiment finds the oscillation channel ν¯µ → ν¯e (with 20MeV ≤ Eνµ ≤
58.2MeV) with a probability of 0.26%. Furthermore, the analysis of the results of this
experiment, following (1.5), leads to a bound on the difference of the relevant squared
mass difference to be
∆m2 < 1eV2. (1.7)
The verification of this result awaits the analysis of the MiniBooNE experiment [18]. How-
ever, if true, this poses a puzzle within the context of three families of neutrinos. An
explanation of this anomaly, compatible with the standard model, may require the exis-
tence of sterile neutrinos [19].
All of the above discussion has been within the context of the standard model where
Lorentz invariance and CPT are assumed to hold true. On the other hand, if Lorentz
invariance or CPT or both are violated in the neutrino sector, it is known that neutrino
oscillation can take place in free space even for massless neutrinos (in contrast to eq. (1.5)
where Lorentz invariance is assumed). This was pointed out by Coleman and Glashow [20]
and developed more extensively by Kostelecky and collaborators [21]. This is particularly
clear from eq. (1.1) where we see that the probability of oscillation really depends on
the difference in the energy of the two neutrino species and if ∆Eij = Ei − Ej 6= 0 even
when the masses vanish, the probability of oscillation will be nontrivial. This can happen,
for example, if the two neutrino species have different (energy) dispersion relations. This
possibility has been discussed extensively in the last few years by various groups [22, 21].
In particular, ref [21] analyzes the structure of the most general Lagrangian with violations
of Lorentz invariance and CPT in an attempt to understand the discrepancy between solar
and atmospheric neutrinos and the LSND anomaly [17].
The goal of this note is to propose a simple model for neutrino oscillation where Lorentz
and CPT symmetries are only approximate in the neutrino sector with a minimal number
of parameters characterizing this violation. We analyze this model to obtain bounds on the
parameters characterizing Lorentz and CPT violation from the existing experimental data
on solar and atmospheric neutrinos as well as from the results of the LSND experiment.
We also use the same model to illustrate how the question of neutrino excess in the universe
can be studied in this scenario. As we have already pointed out, when Lorentz and CPT
are not exact symmetries, it is not necessary for the neutrino to have a mass for oscillations
to take place and we set it to zero for simplicity. Our proposal can be thought of as a model
along the lines of [21], but with a naturally minimal number of parameters that is sufficient
to describe the problems at hand.
2. The Model and the Phenomenology of Neutrino Oscillation
The model that we will describe below is inspired by the quantum theory of non-commutative
fields developed in [23]. The quantum theory of fermionic non-commutative fields (neu-
trinos) is obtained from the standard fermionic quantum field theory by deforming the
anti-commutation relations while retaining the usual Hamiltonian. In order to explain in
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some detail the construction, let us consider the conventional Lagrangian density for two
flavors of massless fermions (neutrinos) given by
L = iψ¯iγµ∂µψi, (2.1)
where the superscript i = {1, 2} runs over the flavor quantum number (sum over repeated
indices is understood) and since the fermions are assumed to be massless, the chiral basis




ψi†L~σ · ~∇ψiL − ψi†R~σ · ~∇ψiR
)
. (2.2)
With the conventional canonical anti-commutation relations for the fermion fields,
one would obtain the standard relativistic equations for the massless neutrinos using the
Hamiltonian following from (2.2). However, the non-commutative theory is obtained by
deforming the canonical anti-commutation relations while maintaining the form of the
Hamiltonian density (2.2). We postulate the deformed equal-time anti-commutation rela-
tions to have the form (with all others vanishing)
{ψiL(x), ψj†L (y)} = Aij δ(3)(x− y), (2.3)
{ψiR(x), ψj†R (y)} = Bij δ(3)(x− y), (2.4)
where Aij and Bij are 2×2 matrices with constant, complex elements in general. However,












so that the complex parameters α, β can be thought of as the parameters of deformation.
Clearly, these deformed anti-commutation relations reduce to the conventional ones when
the parameters of deformation vanish.
Given the deformed anti-commutation relations (2.3), (2.4) and the Hamiltonian den-












In momentum space they take the forms
EψiL = −Aij
(






~σ · ~p ψjR
)
. (2.9)
In order to determine the energy eigenvalues, it is sufficient to study just one of these
equations, say (2.8) since the eigenvalues for the other, (2.9), can be obtained from the
first by letting α→ β and ~p→ −~p.
– 4 –





















It is straightforward to check that D diagonalizes A and as a result, the energy spectrum
for the “left-handed” fermions follows to be (c = 1)
E1± = ± (1 + |α|) |~p|,
E2± = ± (1− |α|) |~p|. (2.11)
The eigenstates corresponding to these eigenvalues can be determined directly through the












where ψ˜1L and ψ˜
2
L are eigenstates with energy values E
1 and E2 respectively and satisfy














A similar analysis can be carried out for the right handed components as well and leads to
E1± = ± (1 + |β|) |~p|,
E2± = ± (1− |β|) |~p|. (2.14)
Relations (2.11) and (2.14) show explicitly the asymmetry in the particle-antiparticle spec-
trum.
Thus, the time evolution for the energy eigenstates, say for the “left-handed” neutrinos,





where E1,2+ are the energy eigenvalues determined in (2.11). The diagonal wavefunctions






















Thus, we see that if α ∈ ℜ, then the diagonal wavefunctions can be thought of as resulting
from a rotation of π/4 in the flavor space. This is, in fact, consistent with the hypothesis
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of large mixing angle (LMA) [25] and, therefore, for simplicity let us choose α to be real.
In this case, we can parameterize (2.17) as
ψ˜1L = cos θ12ψ
1
L + sin θ12ψ
2
L, (2.18)
ψ˜2L = − sin θ12ψ1L + cos θ12ψ2L, (2.19)
with the mixing angle θ12 = 45
◦.
Relations (2.18) and (2.19) can now be inverted to give
ψ1L = cos θ12ψ˜
1
L − sin θ12ψ˜2L,
ψ2L = sin θ12ψ˜
1
L + cos θ12ψ˜
2
L. (2.20)
Thus, a neutrino initially in the state ψ1L would evolve in time as
ψ1L(t) = cos θ12 ψ˜
1
































= sin2 2θ12 sin
2 (|α||~p|t) , (2.21)
and since we are considering particles with velocities nearly c, we can replace
t→ L,
where L denotes the path length traversed by the neutrino. Let us note here that in our
theory, the velocity of the neutrino can in principle be different from c, but any further
correction is suppressed by terms of the order O(α2) which is extremely small. Thus, the
probability for oscillation (2.21) becomes
Pν1→ν2 = sin
2 (2θ12) sin
2 (|α| E L) , (2.22)
where we have used the fact that for |α| ≪ 1, E ≈ |~p|. Similarly, for antineutrinos the
probability can be calculated, but is easily obtained by changing α → β in the previous
formula which leads to
Pν¯1→ν¯2 = sin
2 (2θ12) sin
2 (|β| E L) . (2.23)
The important thing to note here is that
Pν1→ν2 6= Pν¯1→ν¯2, (2.24)
which is a consequence of CPT and Lorentz invariance violation.
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There are several things to note from the formulae (2.22) and (2.23). First of all, we
note that the deformation parameters α, β lead to rotations in the flavor space and thereby
determine the mixing angles. However, the difference from the conventional description
arises because these deformation parameters also determine the nontrivial dispersion re-
lations for the energy eigenvalues and lead to a nontrivial energy difference even in the
absence of masses. The difference from the conventional description of neutrino oscillation
shows up in (2.22) and (2.23) in the fact that the energy dependence is linear as opposed to
the inverse dependence in (1.5). Let us next see what one can learn about the deformation
parameters from the existing results in neutrino oscillation experiments.
First, let us note that this analysis can be generalized to more (three) flavors of neutri-
nos. In this case, we need to generalize the deformation parameters (as well as the mixing
angles) as
α→ αij , β → βij , θ12 → θij, (2.25)




2 (|αij |EL) , (2.26)
while for the antineutrinos, it takes the form
Pν¯i→ν¯j = sin
2 (2θij) sin
2 (|βij |EL) . (2.27)





We note here that there are three deformation parameters of each kind αij , βij without any
further constraint unlike the difference of the squared masses in the conventional scenario.
Let us next note that from the solar neutrino experiments, we know that this involves
oscillations of the flavors 1→ 2 with
∆m212 < 8× 10−5eV2, E ∼ 1MeV. (2.29)
From (2.28), this translates into a deformation parameter
|α12| < 10−17. (2.30)
The atmospheric neutrino results, on the other hand, involve an oscillation of the type
2→ 3 with
∆m223 < 2.6× 10−3eV2, E ∼ 1GeV. (2.31)
From (2.28), we see that this would translate into a deformation parameter
|α23| < 10−22. (2.32)
Finally, we note that although the LSND results remain to be confirmed yet, it is interesting
to recognize that here the oscillations involve antineutrinos of the type 1→ 2 with
∆m212 < 1eV
2, E ∼ 50MeV. (2.33)
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In this case, the analog of (2.28) for the antineutrinos leads to
|β12| < 10−16. (2.34)
It is clear that within this scenario, all the experimental results can be naturally explained.
In this discussion, we have assumed the neutrinos to be completely massless in which
case, the conventional oscillation does not take place. It is possible that the neutrinos
have a small mass and that both mechanisms do contribute to the phenomena of neutrino
oscillation. In this case, a careful analysis of the atmospheric neutrino oscillation results
can lead to even a more stringent bound on the parameter α23 [10].
3. Neutrino-antineutrino asymmetry, primordial neutrino background and
oscillations
As another application of CPT and Lorentz invariance violation, in this section we will
discuss the problem of the neutrino-antineutrino asymmetry, the primordial neutrino back-
ground and neutrino oscillation phenomena in the early universe. Although these questions
are normally discussed as separate problems in the literature, we will argue that they can
indeed be considered as related problems.
Let us assume that the volume of the primordial gas containing (ν, ν¯) is V . Then the












where E1, E2 correspond to the energy eigenvalues for the neutrino and the antineutrino
respectively and ξ = e−βµ is the degeneracy parameter for the neutrino with β the inverse
temperature in units of Boltzmann constant and µ is the chemical potential.
In the conventional approach, both CPT as well as Lorentz invariance are assumed to
be exact symmetries of a quantum field theory. In this case, the deformation parameters
in (2.11) vanish so that E2 = E1 and ξ plays a crucial role in studying the neutrino
asymmetry at different stages of the primordial nucleosynthesis [26, 27]. However, if CPT
and Lorentz invariance are not exact symmetries (in which case the deformation parameters
are nontrivial), then the chemical potential is no longer necessary to study this phenomenon
which can all be attributed to a non-standard energy-momentum dispersion relation arising
due to CPT and Lorentz invariance violation.
In the simple case of one flavor of neutrino, the ratio N/N¯ can be explicitly computed.
However if one consider more flavors of neutrinos, the situation becomes more complicated
and one should use the density matrix formalism [28]. Thus, let us consider, for simplicity,
two flavors of neutrinos, say νe and νµ. In this case, the oscillation phenomenon can
be thought of as formally equivalent to a quantum mechanical two level system with an
interaction Hamiltonian responsible for inducing transitions between the two levels. The
important thing here is to introduce the correct interaction Hamiltonian responsible for
the transition νe → νµ (or its inverse).
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According to Stodolsky [28] and others [29], this (weak) interaction Hamiltonian can
always be written in the two dimensional space as
H = ~σ · ~V , (3.2)
where ~V is a vector analogue of the magnetic field with
|~V | = |E2 − E1|. (3.3)
Thus, following our discussion in the previous section, the Hamiltonian for a system vio-
lating CPT and Lorentz symmetries can be written in this two dimensional space as
H+ = γ1 ~σ · ~p, (3.4)
H− = γ2 ~σ · ~p, (3.5)
where γ1,2 are real number that parameterize neutrinos and antineutrino oscillations re-
spectively. It follows now from (3.3) and (2.11) (with α → β for antineutrinos) that for
our case under study
|γ1| = 2|α|,
|γ2| = 2|β|, (3.6)
where the constants γ1,2 are responsible for the transitions νe−νµ and ν¯e− ν¯µ respectively.




2 (|αij ||~p|L) , (3.7)
Pν¯i→ν¯j = sin
2 (2θij) sin
2 (|βij ||~p|L) . (3.8)
As a result, if there is CPT and Lorentz invariance violation, then νe − νµ and ν¯e − ν¯µ
oscillations take place with different probabilities leading to a neutrino asymmetry. The
numerical bound for the neutrino-antineutrino asymmetry can be directly calculated using
the data from the solar and the atmospheric neutrino experiments as well as the LSND
experiment. However, since the LSND results need further experimental verification, it is
premature to carry out such a numerical analysis at this stage. On the other hand, if we
assume the numbers from the LSND to be right and use eqs. (2.30), (2.32), (2.34), we
obtain the neutrino- antineutrino asymmetry to be of the order of ∼ 10−16. It is too early
to take this number seriously though.
4. Conclusion and outlook
In this paper, we have carried out a quantitative analysis of the consequences of CPT and
Lorentz invariance violation in the neutrino sector. While it is already known that in such
a case, neutrino oscillation can take place even for massless neutrinos, we have presented
a simple model of a theory of noncommutative fermions to study this phenomenon quan-
titatively. The model contains a minimal number of symmetry violating parameters that
– 9 –
are introduced as deformation parameters in the equal-time anti-commutation relations
for the fermion fields. Real values of these deformation parameters naturally lead to the
large mixing angle scenario. While the deformation parameters directly lead to mixing be-
tween different neutrino flavors, they also lead to nonstandard (energy) dispersion relations
(through Lorentz and CPT violation) which leads to oscillations even when the neutrinos
are massless. We have determined bounds on these parameters from the experimental data
on solar and atmospheric neutrinos as well as from the LSND data that remains to be ver-
ified by the MiniBooNE experiment. The bounds on the deformation parameters within
this minimal model are obtained to have the values
|α23| < 10−22, |α12| < 10−17, |β12| < 10−16. (4.1)
We note that bounds for α were obtained from the LMA scenario by using θ ∼ π/4.
For the solar and atmospheric neutrinos, this is indeed consistent with the experimental
determination. However, if true, the results of the LSND experiment favor the SMA (small
mixing angle) solution for antineutrinos. In this case, we can directly evaluate the bound
on the deformation parameter (4.1) , but LMA solution (which is the natural scenario in
our case) puts a more stringent bound of β < 10−19.
We have argued that neutrino oscillation experiments can be used as high precision
tests of CPT and Lorentz invariance violation. We have also pointed out that if CPT
and Lorentz invariance are violated, one can calculate naturally the neutrino excess in
the universe much like the discussion of baryogenesis [7, 24]. A numerical calculation for
this excess, however, can be carried out meaningfully using this scenario only after the
confirmation of the LSND results.
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